In the present paper the structures and dynamics of a food chain preypredator model are proposed and studied. The two stages and refuge in prey and two predators (top and mid) are considered. Different types of functional responses have been proposed. The conditions, which guarantee the existence of equilibrium points, have been investigated. Uniqueness and boundedness of the solution of the system are proven. The local and global dynamical behaviors are discussed and analyzed. Finally, numerical simulations are carried out not only to confirm the theoretical results obtained, but also to show the effects of the refuge and the variation of each parameter on our proposed system. 
Moreover, someoftheexperimentalandtheoreticalworkhavestudiedtheeffectsofpreyrefuges and drawn a conclusion thatthepreyrefuges have a positively effectonthestabilityof the consideredinteractions,andprey extinction canbeconserved by theadditionofrefuges [9, 11, 12, 13, 17] ,Kadhim, Majeed and Naji [29] studied the stability analysis of food web stage structured prey-predator model with refuge involving Lotka-Volterra type of function response, Ali and Majeed discussed stability analysis of a food chain stage structured prey-predator model incorporating a preyrefuge and two types of functional responses such that the mid-predator consumed the mature prey individual only according to the Lotka-Voltera type of functional response and the top predator consumed the mid-predator individual only according to Holling type-II functional response.
In spite of the effect of prey refuges on the dynamical behavior of the system is very difficult in the reality, but it has been considered and analysis in this paper.
In this paper, a complicated four species food chain model with two functional responses has been proposed and analyzed. Two such stages (mature and immature) with refuge in the prey and two predators (top and mid) are also considered.
It is well known that the logistic function represents a mutualism interaction between the mature and immature prey, and due to the short of resources the typeIIfunctionalresponse is considered to describe the nature of the interaction between the mid predator and immature prey, while Lotka-Volterra type of functionalresponse considered due to unlimited resources and the linearly relationship between the mid predator and mature prey.
Furthermore, there is not any relationship between the top predator and the two stages of prey, while according to a food chain the interaction between the two predators has been considered by Lotka-Volterra type of functionalresponse.
Actually, due to the complexity of interactions in the proposed model especially among the top predator and the two stages of prey and the nature of interaction between the mid predator and the immature prey it was not easy to find an example identical of this model in the nature, but in any case is not impossible, so after more efforts and with the help of the biologist, we could find an example across two different environments represented by the aquatic and terrestrial environment such that the two aquatic species Blue Shark (Prionaceglauca) and Wels Catfishrepresent the top and mid predators respectively, and the terrestrial species pigeons ( doves ) represent the two stages of prey.
Finally, the behavior of the catfish when hunting pigeons is highlighted in the study, published on Dec. 5. The study says: "Among a total of 45 beaching behaviors observed and filmed, 28% were successful in bird capture… Since this extreme behavior has not been reported in the native range of the species, our results suggest that some individuals in introduced predator populations may adapt their behavior to forage on novel prey in new environments, leading to behavioral and trophic specialization to actively cross the water-land interface." [10, 7] .
The mathematical model:-
Consider the food chain model consisting of mid and top-predators, stage-structure prey in which the prey species growth logistically in the absence of predation, while the predators decay exponentially in the absence of prey species. It is assumed that the prey population divides into two compartments: immature prey population 1 (t) that represents the population size at time t and mature prey population 2 (t) which denotes to population size at time t. Furthermore the population size of the mid-predator at time t is denoted by 1 (t), while 2 (t) represents the population size of top predator at time t.
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Now in order to formulate the dynamics of such system the following assumptions are considered: 1. The immature prey depends completely in its feeding on the mature prey that growth logistically with intrinsic growth rate > 0 and carrying capacity > 0. The immature prey individuals grown up and become mature prey individuals with grown up rate > 0 .However the immature and mature prey facing death with natural death rate 1 > 0 and 2 > 0 respectively. 2. There is type of protection of the prey species from facing predation by the mid-predator with refuge rate constant ∈ 0 , 1 .
3.
The mid-predator consumed the immature prey individual according to Holling type-II functional response with predation rate 1 > 0 and half saturation constant > 0.And consumed the mature prey individual according to theLotka-Voltera type of functional response with predation rate 2 > 0and contribute a portion of such food with conversion rates 0 < 1 < 1 0 < 2 < 1respectively. Moreover, the top predator consumed the mid-predator individual only according to the Lotka-Voltera type of functional response with predation rate 3 > 0and contributes a portion of such food with conversion rate 0 < 3 < 1.
Finally, in the absence of food the mid and top predators facing death with natural death rate 3 > 0 4 > 0 respectively. Therefore the dynamics of the above proposed model can be represented by the following set of first order nonlinear differential equations.
With initial conditions ( 0 )≥ 0 and ( 0 )≥ 0 , = 1 , 2 .
Not that the above proposed model has fourteen parameters in all which make the analysis difficult. So in order to simplify the system, the number of parameters is reduced by using the following dimensionless variables and parameters: Then the non-dimensional form of system (1) can be written as: 
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Therefore these functions are Lipschitzian on + 4 , and hence the solution of the system 2 exists and is unique. Further, all the solutions of system 2 with non-negative initial conditions are uniformly bounded as shown in the following theorem. So, due to the fact that the conversion rate constant from prey population to predator population cannot exceeding the maximum predation rate constant from predator population to prey population, hence from the biological point of view, always 6 < 1 , 9 < 1 and 7 < 4 , we get, Again by solving this differential inequality for the initial value 0 = 0 ,we get:
hence all the solutions of system 2 are uniformly bounded andthe proof is complet.
The existence of equilibrium points:-In this section, the existence of all possible equilibrium points of system 2 is discussed. It is observed that, system 2 has at most four equilibrium points, which are mentioned in the following: •The equilibrium point 0 = 0 ,0 ,0 ,0 , which known as vanishing point is always exists.
•The free predators' equilibrium point 1 = , ,0 ,0 t, where: 
•The free top predator' equilibrium point 2 = , , ,0 , where:
And,
While, is a positive root of the following fourth order polynomial: 
Therefore, the positive (coexistence) equilibrium point 3 * , * , * , * exists uniquely in the interior + 4 if in addition to the condition (5 e) the following condition holds:
The local stability analysis of system In this section, the local stability analysis of system 2 around each of the above equilibrium points is discussed through computing the Jacobian matrix , , , of system 2 at each of them which is given by: 
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The local stability analysis at ∶ The Jacobian matrix of system 2 at 0 can be written as:
Then the characteristic equation of ( 0 ) is given by: 
Then 0 is locally asymptotically stable in the + 4 . However, it is a saddle point otherwise.
The local stability analysis at The Jacobian matrix of system 2 at 1 can be written as: = 0 + 0 = − 2 + 3 + 5 < 0 , and = 0 . 0 = 5 2 + 3 − 2 + 2 , which gives the other two eigenvalues of 1 with negative real parts due to the condition( 3 ). Then, 1 is locally asymptotically stable in + 4 if in addition to the condition (8 e), the following condition holds:
However, it is a saddle point otherwise.
The local stability analysis at The Jacobian matrix of system 2 at 2 can be written as: 
However ∆ becomes positive, since the first four terms of ∆ are positive, while the last one will be positive if and only if in addition to the condition ( 9 ) the following condition holds:
Therefore, all the eigenvalues of 2 have negative real parts under the given conditions and hence 2 is locally asymptotically stable. However, it is unstable otherwise.
The local stability analysis at
The Jacobian matrix of system 2 at 3 can be written as: Now, according to the form of 3 and signs of the Jacobian elements the last three terms of 3 are positive, while the first one will be positive in addition to the condition ( 10 ) the following condition holds: * > .
Therefore, all the eigenvalues of 3 have negative real parts under the given conditions and hence 3 is locally asymptotically stable. However, it is unstable otherwise.
The global stability analysis of system
In this section the global stability analysis for the equilibrium points, which are locally asymptotically stable, of system 2 is studied analytically with the help of Lyapunov method as shown in the following theorems. Now, due to the facts that is mentioned in theorem (1), always 6 < 1, 9 < 1 and 7 < 4 , we get, 0 < 1 − − 3 − 5 − 8 − 10 .
Hence 0 < 0 in the region 0 and then 0 is strictly Lyapunov function. Thus we obtain that 0 is a globally asymptotically stable in the region 0 , and the proof is complete. Theorem : Assume that the free predators equilibrium point 1 = , ,0 ,0 of system 2 is a locally asymptotically stable in + 4 . Then 1 is a globally asymptotically stable on the region 1 we get: .
Now by using the conditions 11 , 11 and 11 we obtain that: Clearly, 2 is negative definite on the region 2 due to the conditions 12 and the local stability condition 9 . Hence 2 is strictly Lyapunov function. thus 2 is a globally asymptotically stable on the region 2 and the proof is complete .
Theorem
: Clearly, 3 is negative definite ontheregion 3 due to the conditions 13 , 13 , 13 and the fact that is mentioned intheorem 1 , 9 < 1. Hence 3 is strictly Lyapunov function. Thus 3 is a globally asymptotically stable on the region 3 and the proof is complete .
Numerical analysis of system
In this section, the dynamical behavior of system 2 is studied numerically for different sets of parameters and different sets of initial points. The objectives of this study are: first investigate the effect of varying the value of each parameter on the dynamical behavior of system 2 and second confirm our obtained analytical results. It is observed that, for the following set of hypothetical parameters that satisfies stability conditions of the positive equilibrium point, system 2 has a globally asymptotically stable positive equilibrium point as shown in Fig. 6 .1 .
6.1 = . , = . , = . , = . , = . , = . , = . , = . , = . , = . , = . . Clearly, Fig. 6 .1 shows that system 2 has a globally asymptotically stable as the solution of system 2 approaches asymptotically to the positive equilibrium point 3 = 0.28 , 0.77 , 0.2 , 0.06 starting from four different initial points and this is confirming our obtained analytical results. Now, in order to discuss the effect of the parameters values of system 2 on the dynamical behavior of the system, the system is solved numerically for the data given in 6.1 with varying one parameter at each time.
By varying the parameter 1 which represents the half saturation rate of the mid-predator upon the immature prey and keeping the rest of parameters as data given in 6.1 in the range0.01 ≤ 1 < 2 , it is observed that the solution of system 2 approaches asymptotically to the positive equilibrium point 3 . , as shown in Fig. 6.2 , for typical value 1 = 0.4 . Now, varying the growth rate parameter of immature prey 2 and keeping the rest of parameters values as data given in 6.1 , it is observed that for 0.1 ≤ 2 < 2 the solution of system 2 approaches asymptotically to a positive equilibrium point 3 .
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On the other hand varying the natural death rate of immature prey parameter 3 and keeping the rest of parameters values as data in 6.1 , it is observed that for0.01 ≤ 3 < 0.90 the solution of system 2 approaches asymptotically to the positive equilibrium point 3 , as shown in Fig. 6.3 , for typical value 3 = 0.6 , while increasing this parameter for0.90 ≤ 3 < 1 causes extinction in the top-predator and the solution of system 2 approaches asymptotically to E 2 = , , ,0 in the interior of the positive quadrant ofxyz − space, as shown in Fig. 6.3 , for typical value 3 = 0.95 . Moreover, varying the parameter r 4 which represents the predation rate of the mid-predator upon the immature prey, and keeping the rest of parameters values as data given in 6.1 , it is observed that for 0.01 ≤ 4 < 1.5the solution of system 2 still approaches asymptotically to a positive equilibrium point 3 .
The effect of varying the mature prey natural death rate parameter 5 with0.01 ≤ 5 < 0.41 and keeping the rest parameters values as data given in (6.1), it observed that the solution of system 2 approaches asymptotically to a positive equilibrium point 3 , for typical value 5 = 0.3 as shown in Fig. 6.4 , however increasing this parameter in the range 0.41 ≤ 5 < 0.58causes extinction in the top-predatorand the solution of system 2 approaches asymptotically toE 2 = , , ,0 in the interior of the positive quadrant of xyz − , as shown in Fig. 6 .4 , for typical value 5 = 0.5 , further increasing in the range 0.58 ≤ 5 < 0.8causes extinction in the mid-predator and the solution of system 2 approaches asymptotically to the free predators equilibrium pointE 1 = , ,0 ,0 in the interior of the positive quadrant of − plane, as shown in Fig. 6 .4 , for typical value 5 = 0.77, then more increasing of this parameter in the range 0.8 ≤ 5 < 1causes extinction in all species and the solution of system 2 approaches asymptotically to the vanishing equilibrium pointE 0 = 0 ,0 ,0 ,0 ,as shown in Fig 6. 4 , for typical value 5 = 0.9. The varying of the parameter 6 which represents the conversion rate from the mature prey to the mid-predator, and keeping the rest of parameters values as data given in 6.1 , it is observed that for0.01 ≤ 6 < 1the solution of system 2 still approaches asymptotically to a positive equilibrium point 3 .
For varying the conversion rate parameter from the mature prey to the mid-predator 7 , with 0.01 ≤ 7 < 0.15 the solution of system 2 approaches asymptotically to the positive free predators equilibrium point E 1 = , ,0 ,0 in the interior of the positive quadrant of − plane, as shown in Fig. 6 .5 , for typical value 7 = 0.1 , while for 7 = 0.15 the solution of system 2 approaches asymptotically toE 2 = , , ,0 in the interior of the positive quadrant of xyz − , as shown in Fig. 6 .5 , which means revival of the mid-predator population, then increasing this parameter in the range 0.15 ≤ 7 < 0.21 leads revival of the top-predator and a small periodic attractor appears, as shown in Fig. 6.5 , for typical value 7 = 0.16 for more increasing in the range 0.21 ≤ 7 < 0.5 the solution of system 2 approaches asymptotically to a positive equilibrium point 3 ,for typical value 7 = 0.22 , as shown in Fig. 6 .5 . The varying of the mid-predator natural death rate parameter 8 , it is observed that for 0.01 ≤ 8 < 0.16 the solution of system 2 approaches asymptotically to the positive equilibrium pointE 3 , further increasing of this parameter with 8 = 0.16 which causes extinction in the top-predator and the solution of system 2 approaches asymptotically to E 2 = , , ,0 in the interior of the positive quadrant of xyz − space,as shown in Fig. 6 .6 , for typical value 8 = 0.16 . While for 0.16 < 8 < 1 causes the extinction of the mid -predator the solution of system 2 approaches asymptotically E 1 = , ,0 ,0 in the interior of the positive quadrant of xy − plane,as shown in Fig. 6.6 , for typical value 8 = 0.25 . On the other hand, the varying of predation rate parameter of the top-predator upon the mid-predator, for0.01 ≤ 9 < 0.15 the solution of system 2 approaches asymptotically toE 2 = , , ,0 in the interior of the positive quadrant of xyz − , as shown in Fig. 6 .7 , for typical value 9 = 0.1, while for 0.15 ≤ 9 < 1 the toppredator population revives and the solution of system 2 approaches asymptotically to a positive equilibrium point 3 , as shown in Fig. 6.7 , for typical value 9 = 0.5. Moreover, increasing the natural death rate of top-predator parameter 10 in the range 0.1 ≤ 10 < 0.35, the solution of system 2 approaches asymptotically to a positive equilibrium point 3 , as shown in Fig. 6 .8 , for typical value 10 = 0.3, while the increasing of this parameter for 0.35 ≤ 10 < 1 causes extinction of the toppredator population and the solution of system 2 approaches asymptotically toE 2 = , , ,0 in the interior of the positive quadrant of xyz − , as shown in Fig. 6 .8 , for typical value 10 = 0.5 . Finally, varying the number of prey inside the refuge parameter and keeping the rest of parameters values as data given in 6.1 , it is observed that for0.01 ≤ < 0.63the solution of system 2 approaches asymptotically to the positive equilibrium point 3 , as shown in Fig. 6.9 , for typical value = 0.5, while increasing this parameter in the range 0.63 ≤ < 0.69 leads that the solution of system 2 approaches asymptotically to a periodic dynamics in Int. + 4 , as shown in Fig. 6 .9 , for typical value = 0.67, more increasing of this parameter in the range 0.69 ≤ m < 0.71 causes extinction of the top-predator population and the solution of system 2 approaches asymptotically to the free top-predator equilibrium point E 2 = , , ,0 in the interior of the positive quadrant of xyz − space.as shown in Fig. 6.9 , for typical value = 0.7 .and for 0.71 ≤ < 1the solution of system (2) 1378 approaches asymptotically to the free predators' equilibrium point E 1 = , ,0 ,0 in the interior of the positive quadrant of xy − plane, as shown in Fig. 6.9 , for typical value = 0.9 . 
Conclusions and discussion:-
In this chapter, we proposed and analyzed an ecological model that described the dynamical behavior of the food chain real system. The model included four non-linear autonomous differential equations that describe the dynamics of four different population, namely first immature prey ( 1 ), mature prey ( 2 ), mid-predator ( 1 ) and ( 2 ) which is represent the top predator. The boundedness of system (2) has been discussed. The existence conditions of all possible equilibrium points are obtain. The local as well as global stability analyses of these points are carried out. Finally, numerical simulation is used to specific the control set of parameters that affect the dynamics of the system and confirm our obtained analytical results. Therefore system (2) has been solved numerically for different sets of initial points and different sets of parameters starting with the hypothetical set of data given by Eq. (6.1) and the following observations are obtained.
1-System ( 2 ) has two types of attractor in Int. + 4 either a stable point or a periodic attractor. 2-For the set hypothetical parameters value given in Eq. (6.1), the system (2) approaches asymptotically to globally stable positive point 3 = 0.28 , 0.77 , 0.2 , 0.06 . Further, with varying one parameter each time, it is observed
